abstract: We present some methods for constructing connected spatial geometric configurations (p q , n k ) of points and lines, preserved by the same rotations (and reflections) of Euclidean space E 3 as the chosen Platonic solid. In this paper we are primarily interested in balanced configurations (n 3 ), (n 4 ) and (n 5 ), but also in unbalanced configurations (p 3 , n 4 ), (p 3 , n 5 ) and (p 4 , n 5 ).
An incidence structure consists of "points", "blocks", and "incidences" between them (given by a 0-1 matrix or by a bipartite graph). A configuration satisfies an additional condition: no two blocks are both incident to more than one common point and every point is incident to at least two blocks. We distinguish between abstract (or combinatorial) configurations and geometric configurations. A combinatorial configuration X is completely determined by the incidences of its points and lines. A geometric configuration Y = Y (X) (called also a geometric realisation of X) consists of points and (straight) lines in the Euclidean space E For denoting configurations we use the same notation as Grünbaum in [7] . Let (p q , n k ) be a configuration of p q-valent points and n k-valent lines; it is called also a (q, k)-configuration; if p = n and q = k, it is called a balanced configuration and denoted simply as (n k ); it is called also a k-configuration. Thus, a configuration (n k ) consists of n points and n lines, each point being incident with k lines and each line incident with k points. For a configuration containing p 1 , p 2 , p 3 . . . points of valence q 1 , q 2 , q 3 . . ., respectively, and n 1 , n 2 , n 3 . . . lines of valence k 1 , k 2 , k 3 . . ., respectively, we use the natural generalization of this notation, as in the configuration (6 4 Symmetries depend both on X and on the geometry of the space (its dimension n and its type -Euclidean, projective, etc.) in which X is embedded as a geometrical object Y = Y (X). The number of symmetries may increase when the dimension n of the space E n in which X is embedded n increases. Various tools and techniques have been used to construct symmetrical planar geometric configurations (n k ) of points and lines (e. g. see [2, 3] ). It is well known that a planar geometric configuration Y = Y (X) ⊂ E 2 may have only "cyclical" or "dihedral" symmetry. However, the same underlying configuration X, which has a planar realisation Y = Y (X), may have (and reveal) more (hidden) symmetries, if it is realised as a spatial configuration Z = Z(X) in some higher-dimensional space. Recently some authors started to investigate spatial configurations and symmetrical configurations more systematically (e.g. [4, 6] 
In other words, we are looking for Platonic configurations of the following six valence-types: (n 3 ), (n 4 ), (n 5 ), (p 3 , n 4 ), (p 3 , n 5 ), (p 4 , n 5 ). Our problem splits into 5 × 6 × 2 = 60 cases (there are 5 Platonic solids, 6 classes of configurations, and 2 types of Platonic configurations -"full" and "rotational").
In section 2 we present some methods for solving this problem. Using them, we may produce as many of Platonic (or even more general polyhedral) configurations as we want, and in many different ways as well.
The first idea how to construct a Platonic configuration is 1) to place a copy of some smaller configuration A "symetrically" around (or inside) a chosen Platonic solid P (or around its "concentric copies") and 2) to use some additional lines and points (again placed "symmetrically" with respect to P ) to link these building blocks in such a way that we obtain a connected, symmetrical and balanced configuration Z of the desired "target class" (p q , n k ).
This idea is explained in more detail in Algorithm 1. Note that the "symmetrical places" (in which the identical copies of A may be placed) may be the faces, edges, vertices, diagonal or axes of P (and this list may still be not complete!), as it is shown in the examples in section 3.
In section 3 we give examples of Platonic configurations. Some of them are presented in the form of problems (with solutions), whose purpose is to help the reader to get the idea how to construct more examples of Platonic configurations.
Most of the constructions may be used to produce infinite families of examples and may be easily generalised into theorems. But to make the constructions easier to understand we use the approach "from bottom up", with concrete examples and their visual representation.
In the last section we present some open problems.
How to construct Platonic configurations
To find examples of each class P (p q , n k ) with p as little as possible (the minimal Platonic configurations of the given class) we always try first to find example of a 1-layer Platonic configuration Z whose points all lie on the boundary of a chosen Platonic solid P . But sometimes the points of Z lie on the faces of s "concentric copies" of P , projected radially from the central point (centroid) of P ; such Z are called s-layer Platonic configurations.
In most of the examples in this paper the points of Platonic configurations are placed into vertices (represented as yellow points in the Figures), edges (red points) or faces (blue points) of a given Platonic solid (or of its concentric copies). The concepts of single-layer and multi-layer Platonic configurations are useful also for classification purposes.
However, the subdivision of points of a Platonic configuration Z into layers is not always the most appropriate description of their position in space. For example, some points of Z may lie in a plane determined by two axes of P . Such configurations we call spider-web configurations. Another interesting class are helical configurations, whose points and lines form (double or multiple) "helices" along each edge of a solid.
To construct examples of connected Platonic configurations we combine some known methods with some new ones. Our approach is based on the very general idea (admitting many variations) of connecting isomorphic copies of some initial (planar) configuration A, placed "symmetrically" around the solid P . The idea of obtaining bigger configurations by linking together small isomorphic building blocks has been explored by various authors, e.g. in [3] . Our approach of connecting smaller configurations using additional points and lines to obtain connected bigger configurations may be regarded also as the dual concept of the "splittable configurations" studied in [1] . The idea of systematically constructing (q ′ , k ′ )-configurations from (q, k)-configurations, where q ′ ≤ q and k ′ ≤ k, has been used e.g. in [5] . Grünbaum developed an incidence calculus (see [8] , pp. 243-263), composed of various operations on configurations (e.g. "parallel shift" connecting copies of the same configuration with parallel lines, or connecting copies of the same configuration, projected from some point, using lines through the projecting point, etc.).
The idea to construct symmetric spatial configurations from polyhedra has been explored in [6] . In [8] , pp. 252-255, the Grey configuration (27 3 ) is represented as a spatial geometric configurations with 3 × 3 × 3 points in the form of a cube, and the generalized Grey configuration (256 4 ) is represented by four copies of cube with 4 × 4 × 4 points, connected via parallel shift. Instead of parallel shift we will use "radial projection" and "antipodal lines" (as explained in Algorithm 1 below).
We will use the "vector" notation P = ( Step 2. Place a copy of A on each of its f faces P "symmetrically" -in such a way that the symmetries of P preserve also B = f A (the set of copies of A).
Step 3. Identifying some points of different copies of A or connecting them "in a symmetrical way" try to get a connected configuration B c with the symmetries of P .
Step
If necessary, adding new points and lines increase the valences of points to get a desired configuration
Z ∈ (p q , n k ).
Remark 1 In
Step 2 you obtain a configuration B = f A which may not be connected, but has the desired symmetry group Sym(P ) or Sym R (P ) of P . Figure 2 ; in such cases we get multi-layer configurations. Although we use the same general procedure (described in Algorithm 1) for all the five Platonic solids, and in some cases (subproblems of Problem 1) there are "universal" constructions (applicable to all the Platonic solids), some "special" constructions (applicable only to some of them) depend on special values of their parameters (v, e, f, d, m), as it will be shown by examples in Section 3.
Note that if you (in Step 3) identify a 1-valent point of A with a vertex of P , its valence increases to d. If you connect all the 1-valent points of each copy of A with different points on the interiors of the edges of a given face, all these edge points have valence at least 2 (since each edge of P is incident to two faces) and at most 3 (this happens if the edges of P are included among the lines of the configuration B c ). Step 4 may be divided into substeps (for example, we first increase the valence of 3-valent points to 4, then to 5, always taking care that the symmetry of P is preserved). For the added lines we may usually use lines perpendicular to faces, or axes of P , or diagonals of P . Sometimes we use lines connecting pairs of antipodal points of B c , or lines of the radial projection from the center of P connecting points in the concentric copies of B c , as symbolically shown in
The following simple calculation helps us to determine the number of points and lines in a 1-layer Platonic configuration Z. 
Thus, for P ∈ {T, C, O, D, I}, respectively, we obtain the formulas:
4x + 6y + 4z 6u + 4v cube 8x + 12y + 6z 12u + 6v octahedron 6x + 12y + 8z 12u + 8v dodecahedron 20x + 30y + 12z 30u + 12v icosahedron 12x + 30y + 20z 30u + 20v Table 2 : Numbers of points and lines in a 1-layer Platonic configuration Z. 
Remark 2 Similar formulas may be obtained for the numbers of points and lines of s-layer Platonic configurations whose points and lines lie on s "concentric copies" of a Platonic solid P , connected by "radial" or "antipodal" lines. Note that the number of points in a s-layer configuration s × Z must be s-times bigger than in Z, but the number of added "radial" (in T ) or "antipodal" (in C, O, D, I) lines may depend on the number of points whose valence must be increased (some of the points may already have the desired valence k). In each construction with s-layer

Examples of Platonic (n k ) configurations
In this section we apply Algorithm 1 to get examples of most of the Platonic (p q , n k ) configurations of points and lines for k = 3, 4 and 5 and 3 ≤ q ≤ k.
For any Platonic solid P ∈ {T, C, O, D, I} let P k denote the class of all Platonic configuration (n k ) whose group of symmetry is the same as the full symmetry group of P ; likewise let P k,R denote the class of all Platonic configurations (n k ) with the rotational symmetry group of P .
Let Cyc m denote the class of all (planar) configurations, preserved by the cyclical group of rotations for the multiples of 
Many configurations may be obtained from the Pappus configuration (9 3 ).
Problem 3 To construct a Platonic configuration Z ∈ (n 3 ) of points and lines with the full symmetry group of the tetrahedron T , or octahedron O, or icosahedron I. Do this by placing the copies of the same planar configuration
A on each of the faces of these solids.
Solution.
Analysis. Since T , O and I have different valences of vertices (3, 4 and 5, respectively), no vertex of the solid P can be included among the points of Z (x = 0). Hence, to obtain a connected configuration X, the "connecting points" (shared by at least two copies of A) should lie on the edges of P . If we want that all the edges of P are included among the lines of X (note that other options are possible, too), there should be 3 connecting points on each edge (y = 3). We need at least 6 additional 3-valent points in the interior of each face (z = 6). Now we just "connect the dots" in the right ("symmetrical") way, and we find the Pappus configuration as a suitable starting point for building our desired Platonic configuration! Figure 4 . Analysis: connecting the dots we find the Pappus configuration as a possible starting configuration for our construction.
Synthesis. Draw on each face of P a copy of the Pappus configuration A = (9 3 ) in the 3-fold rotational symmetry form. The lines of these copies of A intersect each edge of P in 3 points. Include the lines through the edges of P among the lines of configuration X. Exclude the vertices of P and the 3 "projecting " points of each copy from the points of X (as in Figure 5 right). placed on each face of P we get a Platonic configuration.
On each face there are z = 6 interior points of valence 3, on each edge there are y = 3 points of valence 3. So (directly or by Proposition 1) we get 6f + 3e = 4e + 3e = 7e points of valence 3, and 9f + e = 6e + e = 7e lines of valence 3, and the obtained Platonic configuration is balanced (7e 3 ) = ( ). The same construction works for any solid P such that all of its faces are equilateral triangles, hence 3f = 2e.
Very often a solution of one problem leads to a solution of another problem, yet some modifications in the construction are needed. The Pappus configuration lies in the background of the following construction, too. Figure 5 as a result we obtain a configuration Z ∈ D(630 3 ). 
Example 2 To construct a Platonic configuration Z ∈ D 3 divide each pentagonal face of a dodecahedron into 5 congruent triangles and draw into each triangle the same configuration as in
Problem 4 To construct a Platonic configuration
Problem 5 To construct examples of Platonic configurations Z ∈ C(p 3 , n 4 )
and Z ∈ C(n 4 ) with the full symmetry of the cube.
Solution.
We have already mentioned the Grey configuration (27 3 ), represented as a cubic C 3 configuration with the full symmetry group of the cube (see [8] 
Problem 7
For P ∈ {T, O, I} construct Z ∈ P 3,R . Construct also Z ∈ P 3,R for P ∈ {C, D}.
Solution.
Place the copies of the same configuration A = (9 3 9 1 , 12 3 ) ∈ Cyc 3 (Figure 9 ) on each of the triangular faces of P (v, e, f, d, m) ∈ {T, O, I}, so that the 1-valent point lie on the edges of P , which are included among the lines of configuration. The points on each edge must be equidistant and the middle one must be the center of the edge. We get 3-valent Platonic configurations with p = 9f + 3e points and n = 12f + e lines. Since 3f = 2e, we have p = 6e + 3e = 9e and n = 8e + e = 9e. Thus we get configurations (36 3 ) ∈ T 3,R , (108 3 ) ∈ O 3,R , and (270 3 ) ∈ I 3,R .
Triangulating the faces of the cube and dodecahedron and placing the same A (as in Figure 9 ) into each of these triangles we obtain 3-valent configurations with rotational symmetry of the cube and the dodecahedron. In the case of the cube (in which 4f = 2e) the number of points is p = 48 × f + 3e = 24e+3e = 27×12 = 324 and the number of lines is 52×f +e = 26e+e = 324. Hence we have (324 3 ) ∈ C 3,R . In the case of the dodecahedron (in which 5f = 2e) we have p = 60f + 3e = 24e + 3e = 27e = 810 points and n = 65f + e = 26e + e = 27e = 810 lines. Hence we have (810 3 ) ∈ C 3,R . Examples of Platonic (n 4 ) configurations may be found by the three-step pattern A → B → Z from Algorithm 1: starting with some configuration A we construct a Platonic configuration B = (a 4 b 3 , c 4 ) ; if it is not balanced, we use the method of connecting antipodal points of valence 3 in concentric copies of B to increase their valence to 4. In many cases we can take for A the Pappus configuration A = (9 3 ), or some other configuration obtained from it by some small modification. Another solution. Place the copies of A = (15 3 3 1 , 12 4 ) on each of the 8 faces of the octahedron and identify the 1-valent points of A with the vertices (Figure 11 ). Now these 1-valent points produce 6 4-valent points, and we have a configuration (6 4 120 3 , 96 4 ). To get a balanced (n 4 ) configuration, take two concentric copies of the octahedron, and connect 60 antipodal pairs of 3-valent points with 60-valent lines. Thus we get a (252 4 ) configuration. We just briefly mention another important construction; using the axes through the vertices (of degree m ∈ {3, 4, 5}) of the chosen Platonic solid P (see Figure 17) as the "meeting places" of 1-valent points we may obtain examples of "spider-web configurations". Using such a "spider-web" construction we can obtain examples of (n 5 ) configurations with full symmetry group of icosahedron. We start with a planar (n 5 ) configuration A with dihedral symmetry (whose existence is guaranteed by [2] ) and "split" two 5-valent points in every copy of A into 5 1-valent points (similarly as we replaced in the solution of Problem 3 some 3-valent points of the Pappus configuration with 3 1-valent points). Now we place these 1-valent points on the pair of axes going through the adjacent vertices of the icosahedron; thus their valence is increased to 5. We do this for all pairs of adjacent axes. We include these axes among the 5-valent lines of configuration. Now all the lines and all the points have valence 5, and the obtained spider-web configuration is balanced.
The last example illustrates the concept of a "helical" configuration. This construction works for any Platonic solid P and produces a balanced 3-configuration with the full symmetry group of P . Figure 18 . So we see that the whole configuration is made of copies of A -each one is glued to two other such copies. 
Example 6 Take a Platonic solid P . If the degree of its vertices
Conclusion and open problems
In this paper we proved the existence of Platonic configurations of points and lines for most of the cases of Problem 1. We did this by constructing concrete examples rather than trying to develop a theory of Platonic configurations. In particular:
• for all the Platonic solids P we were able to find 1-layer Platonic configurations (n 3 ) (see Problems 3, 4, 7 and Examples 2, 4)
• the examples of (n 4 ) cases we constructed as 2-layer or 4-layer configurations (Problems 8,9)
• the examples of (n 5 ) configurations may be constructed using the axes as "meting places" of 1-valent points (as in Example 5, where we used this trick for construction of a tetrahedral (n 3 ) configuration).
The key ingredients of the solution (of Problem 1) are: 1) systematic progress from k = 3 to k = 4 to k = 5; 2) observing that the solutions of some cases (subproblems of Problem 1) may be obtained by the same procedure;
3) observing how the differences in the parameters d and m of Platonic solids reflect in variations of the general procedure (given in Algorithm 1);
The purpose of the rest of the paper is to show that the concept of Platonic configurations is not limited to configurations of points of lines. It is not difficult to obtain examples of connected Platonic configurations whose blocks are spheres or circles or ellipses (instead of lines). blocks and we get a configuration (12 5 , 6 10 ) of 12 points and 6 spheres.
Example 7 Take a cube. Each of its 8 vertices
